294 ABSTRACTS OF PAPERS

If pe A is of support one, let fr(p, M), M e Sy, denote the relative frequency of
(the property) p in M.

1
Theovem. — X fr(p, Mi) converges almost certainly to c¢(p). The proof uses the
n

following facts: (i) every ¢ on A can be represented in the form ¢(p) = f um(p[M])dA(M),
where A is a oc-additive probability measure on S, um a probability on the sets
pIM] = {x e X : pm(x) = 1}; (i) um(p[M]) = fr(p, M) if M e So; and (iii) A(So) = 1.
The proof then consists in an application of the strong law of large numbers. (Received
23 July, 1965.)

R. B. JENSEN. Independence of the axiom of dependent choices from the countable
axtom of choice.

If ZF is consistent, then it remains consistent after adjoining the following axioms:

(1) The countable axiom of choice,

(2) There is a relation R such that for every real x a real y exists such that: Rxy
but there is no sequence {#; : i < w} such that: Ry, for all . (Received 11 Sep-
tember, 19635.)

CaroL KARP. Primitive vecursive set functions: a formulation with applications to
infinitary formal systems.

Call a set function F(x1, ..., ¥p) finitarily primitive recursive (f.p.r.) if it arises
by composition, set recursion, and the set formation schema F(xq, ..., x5) =
{G(z, #1, ..., #») | 2€ x1}, from a set of initial functions consisting of the projections,
the pairing function, union, difference, » and 0. Gédel’s F-function generating the
constructible sets is an example of an f.p.r.function (f.p.r.f.).

Let Q be a regular, non-denumerable cardinal and let T, be the set of all sets
hereditarily of power less than Q. Then T, is closed under f.p.r.f.’s and the Lowen-
heim-Skolem Theorem for (Q, w)-languages implies that for xy, ..., xpe T, if
Risaf.p.r. relation and (3y)R(#1, . . ., #»,¥) holds in V then it holds in T,. Applying
this to Gédel’s F, we have yet another proof that V = L implies the generalized
continuum hypothesis. The Q-primitive recursive functions (Q-p.r.f.’s) are restric-
tions to T of functions F(x1,..., %) = G(¥1, ..., %, S1, - -+, Sm), S1, ..., Sme T,
G an f.p.r.f. Proof predicates for the basic Q-formal systems as well as compu-
tation predicates for the Q-recursive functions of ordinals, are Q-p.r. The Q-p.r.f.’s
can be represented in a simple (Q, w)-formal system with an Q-p.r. proof predi-
cate. The enumeration theorem follows for Q-recursively enumerable (Z;-Q-p.r.)
predicates.

For infinite cardinals «, the «*-propositional formulas are like ordinary propositional
formulas except that conjunctions and disjunctions of length < «* are admitted.
Theovem 1. If k is a strong limit cardinal of cofinality w, then the w*-tautologies
are «t-p.r. axiomatizable. Theovem 2. If « exp w = «, then the «*-tautologies are not
xkt-p.r. axiomatizable. Thus assuming the generalized continuum hypothesis, the
rt-tautologies are «*-p.r. axiomatizable iff cf(x) = w. The methods are sufficiently
general that these theorems could be expected to hold for any reasonable notion of
wt-recursiveness. (Received 20 July, 1965.)

F. WiLLiam LAWVERE. Functorial semantics of elementary theovies.

By an elementary theory we mean a small category T with the following structure:
a) There are two distinguished objects A, L and all objects are precisely the finite
categorical products A2 X Lk b) For each object X, Lk x X is the 2k-fold coproduct
(sum) of X with itself; e.g. L = 1 4 1. ¢) The 2k-fold product of X with itself is
the categorical exponential ‘““X to the power L¥”’ [The more precise statement of a),
b), c) is that there are given projections, injections, and evaluation maps satisfying
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usual universal mapping properties.] d) For every pair f : X - Y, ¢ : X L in T
there is 3;[¢] : Y — L such that for every v : Y — L one has 3;[¢] <y y iff ¢ <x fy.
Here <x is the partial order of a canonical Boolean structure which the set of all
maps X — L enjoys by virtue of a), b), c). Every “applied first-order ‘theory’ with
equality” gives rise to an elementary theory in which (equivalence classes of) n-ary
terms become maps A™ — A and n-ary formulas become maps A% — L; the above
conditions imply that all maps in T are in one way or another ‘“‘tuples” of maps of
these two special kinds. Other consequences include the existence of a map A2 — L
playing the role of equality, and for every sentence ¢ : 1 — L a corresponding binary
function symbol A2 — A which in any model denotes one or other of the projections
depending on the truth or falsity of ¢ in the model. Every instance of 3¢[¢] is equal
to a certain logical combination of special instances which correspond to the usual
quantifiers (namely instances in which f is a projection An+l — An). A model is a
functor M : T — & to the category & of sets (Lawvere PNAS Dec. 1964) which
preserves the additional structure (in particular (L)M is a two element set and
(3t[@])M is the indicator of the image under (f)M of the subset whose indicator is
(p)M; the set (A)M is the universe of the model. Natural transformations between
models are exactly elementary embeddings, yielding an ‘‘elementary category’
&I, Any morphism T’ — T of theories yields an ‘‘elementary functor” ITI
SIT1 which preserves universes (“‘reducts’ are special cases of elementary functors).
Interpreting implicit definability in terms of natural transformations yields a functor
“elementary structure” adjoint-to the single large functor ‘“‘elementary semantics”
defined by the foregoing sentence. Given a first-order language-with-axioms &,
the associated theory T may be thought of as the “Sinn’ of & and the category
KT as the ““Bedeutung” of #; a similar remark applies to the algebraic theories
previously discussed (Lawvere, PNAS, Nov. 1963) and to a notion of ‘‘hypertheory’’
now being investigated. From this approach results a canonical procedure for em-
bedding elementary categories and hypercategories as full subcategories of equationally
definable categories of algebras. (Received 17 Aug., 1963.)

THEODORE A. LINDEN. Egquivalences between Gidel's definitions of comstructibility.

The definitions of constructibility given by Kurt Gédel in his paper on the con-
sistency of the continuum hypothesis and in his later monograph are different. But
they can be proved equivalent not only for the class of all constructible sets, but also
at each w,, where w, is the least ordinal of cardinality p. That is, we always have
My, = F(wy). The proof is by transfinite induction on the statement, “For o < w,
there exists an «’ < wy such that M, = F(«’).” Take a1 < wy, we show that for any
set A which is first order definable over F(«1), there is an a3 < w, such that A =
F(ag). It then follows that there is an a3 < w, such that § (F(a1)), the class of every-
thing first order definable over F(ai), is a subset of F(as). Furthermore «3 can be
chosen so that § (F(a1)) is actually first order definable over F(«g), and hence there
is an a4 < wy such that § (F(«1)) equals F(ag). This gives the induction from « to
o + 1. Similar arguments will take care of the induction at limit ordinals. My, S
F(wy) then follows by induction and the nature of the function F. The converse is
easy. (Received 15 July, 1965.)

Joan RAND MoSCHOVAKIS. Disjunction and existence in formalized intuitionistic
analysis.

For the common portion of intuitionistic and classical analysis, as formalized by
Kleene in S. C. Kleene and R. E. Vesley, Foundations of intuitionistic mathe-
matics, Amsterdam (North Holland) 1965, we obtain the following.

Theovem. For closed formulae A, B, IxA(x) :
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